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Abstract

Characterization results have great importance in statistics and probability applications. Some
characterizations of Pareto of the first kind and Pareto of the second kind distributions are presented by
using conditional expectation in terms of their failure (hazard) rate. We also provide two characterization
theorems based on the rth truncated moments.

Keywords: Characterization, Failure Rate, Conditional Expectation, Mixture, Pareto of
The first kind, Pareto of The second kind Distributions.

1. Introduction

In recent years order statistics and their moments have assumed considerable interest, the
moments of order statistics have been tabulated quite extensively for several
distributions, for example see Arnold et al. (1992) and David (1981). Many papers
dealing with characterization through properties of order statistics are appeared, see for
example Khan and Abouammoh (1999), Malik et al. (1988), Lin (1988), Kamps ((1991),
(1995)), and Mohie EI-Din et al. (1991).

Khan and Abu-Salih (1989) have characterized many well-known continuous probability
distributions such as Pareto and power function distributions through conditional
expectation of functions of order statistics. Ahsanullah and Ragab (2004) have
characterized continuous distributions by conditional expectation of some functions of
generalized order statistics. Ahsanullah and Hamedani (2007) characterized beta of the
first kind and the power function distribution using 15 order statistics and n‘"* order
statistics respectively. Hamedani et al. (2008) characterized certain univariate
distributions using truncated moments X;). We like to mention here the works of
Galambos and Kotz (1978), Kotz and Shanbag (1980), Ahsanullah (1989), Oncel et al.
(2005) and Wesolowski and Ahsanullah (2004). Ahsanullah (2009) characterized several
univariate distributions by the moments of the (i + 1)™* (1 <i >n) order statistic
given it" order statistic=¢t. In this paper characterizations of some univariate
distributions using the st® moments of the (r + 1) order statistic given r* order
statistic = x are given. Afify et al. (2013) characterized the exponential and power
function distributions using the sth conditional expectation of order statistics.

Let X;,X,...,X, be a random sample of size n from an absolutely continuous
distribution with cumulative distribution function (cdf)F(x) and the corresponding
probability density function (pdf)f(x). Let X1y, X(2)..., Xx) be the corresponding order
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statistics. Then the pdf of X, the joint pdf of X, and X(,.;1) and the conditional pdf
of X(-4+1) given X,y = x are, respectively, see Arnold et al. (1992).

frn@® = 5 FOOF@I T 1= Fe)I*,a <x <b. (L.1)

fxayXgan X0 Y) = mf(x)f(}’)[f’(x)]r M-FOM]""La<x<y<b
(1.2)

)TLTI

Frrobn, @1%) = (=) EE £ () (1.3)

In section 2, the Pareto of the first kind, Pareto of the second kind distributions are to be
characterized through truncated moments of order statistics given by:

E(XanlXor =) = | ¥ Frpoin 010Ody, 5 =123...,
X
r=12,...,n—1.

2. Characterization Theorems

2.1 Characterization of Pareto of the First Kind Distribution

The pdf and the survival function (sf) of the Pareto distribution of the first type are
respectively,

fx) = (g) (f)_(ﬁﬂ), X =a, B >0, a>0.

a

f(x)=(§) , x> a, B >0, a > 0.

Theorem 2.1

Let X be a nonnegative continuous random variable with distribution function F(-),
survival (reliability) function F(-), density function f(:) and Failure (hazard) rate
function h(-). Let X(q), X(2)...., X(n) denote the order statistics of a random sample of size

n from F(-). The random variable X has the Pareto distribution of the first type if and
only if

sxST1h(x) B
E(X(Sr+1)|X(T) = X) = x5 +m, = 1,2,..., r = 1,2,...,Tl - 1, h(x) = ;
(2.1)
Proof.
(Necessity):
Observe that

E(X€r+1)|X(T) = x) = f ySfX(r+1)|X(r) (Y|x)dy
X
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Using equation (1.3), we obtain

E(X8anXo) = %) = F(x) f pas (2 H((Z) /3) "

_ n-r
T [-FoInT T

a7 e

__ B (YT
- m(@ ) = By s ™)
Substitution equation (2.3) into equation (2.2), we obtain

sx$*t1h(x)
B*(n—r) —sp

Where

E(X(Sr+1)|X(r) = x) =x" +

(Sufficiency):

Notice that equation (2.4) can be reduced to

| @ =nyroin - Fooray = (x +

sx$

p(n—r)—s

Differentiating the both sides of equation (2.5) with respect to x, we obtain

~ - (F@) T == (Fw)
(n=rsxs o ner-
gt (F)
Bn—r)sxst\ (. ner
+ < ﬁ?n _Tr)sx_ - ) (F(x)) ;
(n—1)sx5f(x) (ﬁ(x)) o ~ p(n—r1)sx51 (f(x))n_r_l

)01 - For

p(n—r)—s - pn—r)—s
xf (x) = BF (x),

or equivalently

& _B

F(x) x

Integrating the both sides of equation (2.6) with respect to x, we obtain

lnf(x) =Inx? +Ink, where k is constant,
F(x
1n< 5{ )) =IlnxF,
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d — d
—_ R v
dx F@0) dx ex™,

f(x) = kfx~B+D,
From the fact that ffooof(x)dx = 1. Then k = a®, hence

ﬁ) xy —(B+1)
=(—])(— >
f(x) (a (a) , x=>a B>0 a>0.
Which is the pdf of the Pareto distribution of the first type.

This completes the proof.

Remark 1. Specifying s = 1 and s = 2 in equation (2.1) yields the following results
. X

Q) E(X(r+1)|X(r) = x) =x+ Bn—r)—1"

B ) _ _ 2x?
(“) E(X(r+1)|X(T') - x) =x*+ B(n-r)-2"

Then,
(n —1)x3h(x)

T Bm-n-2)Bn—r) - D>

Var(Xg+1)|Xq) = x)

Remark 2. Specifying s = 1 in equation (2.1) gives the result of Ahsanullah (2009).

2.2 Characterization of Pareto of the Second Kind Distribution
In the sequel, we shall use the following symbol m ;.

meyy=mm-1)(m-2)...(m—-r+1), m=0,1r=123.. .

The pdf and the sf of the Pareto distribution of the second type are respectively,

fo =)+ x> 0k0>0

F(x)=(1+§) x>0,k 6> 0.

Theorem 2.2

Let X be a nonnegative continuous random variable with distribution function F(-),
survival (reliability) function F(-), density function f(-) and Failure (hazard) rate
function h(-). Let X(q), X(2)...., X(n) denote the order statistics of a random sample of size
n from F(-). The random variable X has the Pareto distribution of the second type if and
only if

. J
B X ) >\ mps! xS/ 67 (1 + g) " )
Gl =)= Y ———— T m=k(n—),
= (s = )Imgs
r=12,....n—1, s=1,23,... . (2.7)
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The following two lemmas are used to prove the sufficiency of theorem 2.2. The two
lemmas are proved in the appendix.

Lemmal

S o . x ] s » . X ]
) masta 0T (145) g D mayst x> J0) (1 +3)

dx — Nmy; - x — NVmys
desg (s =DM 9(1 +5) &~ = Dtmgey

Lemma 2

o J o J
i meys! x*7/ 6/ (1 + g) oo zsj meys!x*~/6’ (1 + g)

—7)! . — 7)! .
= (s ])-m(]+1) = (s ])'m(j+1)

Proof.
(Necessity):
Observe that

[0e]

E(X€r+1)|X(T‘) = x) = f ySfX(r+1)|X(T) (3’|x)dy

X

Using equation (1.3), we obtain
n-—-r

n—r * kyS Y\ K
E(XGn Xy = x) = [1— F(x)]”‘r_[x y+6 [(1 * 5) ] @y

Letu =y + 6, then

s _ _ n—r © E 3 s E —-k(n-r)-1
_ n—r A 28
T-FerT (28)
Where
1) k( )5 (u)—k(n—r)—l 4 ( )
A= f —(u—06)\= u. 2.9
x+o U 0

Integrating the right hand side of equation (2.9) by parts s times, we obtain

S = FET (o Tse (1)
n—r (s—l)!m(z)
m(l)s!x5_292(1+%)2 m(1)s!(95(1+§)S (2.10)
(S - 2)! ms) o 0! Ms+1) .
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Substituting equation (2.10) into equation (2.8), we obtain .

. j
B(XE 1K ) i myys! x°~/ 67 (1 +§) 211
=x)= _ :
r+1) 14 () 4 (s _])!m(j+1)
(Sufficiency)
Notice that equation (2.11) can be rewritten as follows:
| @-nyrroi - Fodray
X
. J
>\ mps! xS0 (1 + g)
=[1=-FI"" z < (2.12)
(s = DImggy

Defferentiating the both sides of equation (2.12) with respect to x, we obtain

~n- s f) (F)

e

dx (s = DImgn

) SN
~-nf@ (F@) Y meystx* 10/ (1+5)

j=0

(s = imgs

Using Lemma (1) and Lemma (2) and simplifying, we obtain

o J o J
>\ meps! xS0 (1 + f) m _ o mps!xsTIe (1 + f)
(n=1fC)) = O F ) -
: (s = D'mgirn 6 (1 + f) : (s = Dtmgen
j=1 0 J=1

_ _ m(l) —
(n—1r)f(x) = ——2<F(x),
6(1+3)
or equivalently
flx) ma) = Je(n —
760 = o) (1 - §> ,where m;y = k(n —r), hence
f&x)  k

FOo o(1+%) (213)

Integrating the right hand side of equation (2.13) with respect to x, we obtain

f(x) k
%dx = f mdx
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_ X
InF(x) = —kln (1 + 5) + Inc, where c is constant

In("2) =1n (1 + g)_k
F(x)=c (1 + %)_k.
Using the fact that F(0) = 1. Then ¢ = 1.

Hence
— x\ "k
F(x) = (1+5) x>0k 6 >0

Which is the sf of the Pareto distribution of the second type.
This completes the proof.

Remark 3. Specifying s = 1 and s = 2 in equation (2.7) yields the following results
x+6
m-—1
2x(x + 0) N 2(x + 6)?
m-—1 (m—1)(m-2)

(D) EXgan Xy =x) = x +

(i) E(XE plXey =x) =x +

Then,
2x(x + 0) m(x + 0)?

Var(X(r+1)|X(r) = x) = m—1 + (m — 1)2(771 — 2).

2.3 Characterization of Two Mixture of Pareto Distributions
Theorem 2.3

Let X be a nonnegative continuous random variable with distribution function F(-),
survival (reliability) function density function F(-), density function f(-), Failure
(hazard) rate functionh(-), E(X/) =p/. The random variable X has the Pareto
distribution as

f(x) =pafx B, Fx)=afxF, x>a af>0.

If and only if
, PULs!
EX|X=x)=p e h(x), j<B.
proof.
(Necessity):

Let X has a Pareto distribution with a, § > 0 which is shap and scale parameters. Then

FX)EX|X =2 x) = fooujf(u)du = foo af pui=B-1du
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_ WP o _ B i
axﬁj—ﬁ lx -8
= Ef(x)-
Then
) _xj+1
E(X/|X = x) = p/ =—h(x). (2.14)

Ba’

The proof is completed.

(Sufficiency):

Notice that equation (2.14) can be rewritten as
j+1

/0.

By differentiating both sides with respect to x, then

xJt+1 G+ )J
Ty

By gathering the simillar terms, then

—xJ*Lf () = (B + Dl f (x),

fooujf(u)du =

—xf(x) = f ().

or

ff@  B+D
fGy

Integrating both sides, with respect to x, we get
f(x) = kx=B71,

Using the fact that [~ f (x)dx = 1. Then k = Ba¥. Thus, we have
fQ) = pafx P,

Which is the density function of the Pareto distribution.

Corollary 4. If j = 1 then the first truncated moment will be as
2

> = .
EX|X = x) e 1h(x)
Corollary 5. The mean residual life can be written as
x2
E((X =X 2 x) = 5= [h(x) — af].
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Corollary 6. if j = 2 then the second truncated moment will be as

3
=2 h(x).
Corollary 7. Using corollary (4) and (6), we can compute the truncated variance as
3 XZ

F-2" " -1p

E(X?|X = x) =

VXX = x) = [h()]?.

Theorem 2.4

Let X be a nonnegative continuous random variable with distribution function F(-),

survival (reliability) function density function F(-), density function f(-), reversed
Failure (hazard) rate function n(-). Then X has the Pareto distribution as

f(x)=palPxP1, Fx)=abx ¥, x=2a  a>0, B>0,
if and only if
X

E(X|x<x)=u + ,
(X1]x < x) =l +

(a/ — x/)n(x).
Proof.
(Necessity):
Let X has a Pareto distribution with parameters a« > 0, § > 0. Then,
X X
F(x)E(X/|X <x) = f w f(w)du = f af pui—F-1du
a

a

(g x>=ﬁaﬁ B _ o j-B

After adding some terms and rearranging the terms, we get
FOOEXI|X < %) = WF(x) + %f(x)[aj —x].

Then

. . X
EXNX<x)=pl +——

3 _jn(x)[a:j —xJ].

The proof is completed.

(Sufficiency):

Notice that the last equation can be rewritten as
X
(B —j)j wfw)du = BalF(x) + xf (x)[al — /] .
a
By differentiating the both sides with respect to x then,

(B =N f(x) = Balf () + xf ()@ —=xT] +fC0)[al = G+ D).
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By gathering the simillar terms, then

—xf () = —(B + Df (x),

or

OGRS
fa) — x

Integrating the both sides, with respect to x, we get f(x) = kx~#~1. Using the fact that

foof(x)dx = 1.

Then k = Baf and f(x) = faPx=P~1 which is the density function of the Pareto
distribution.

Corollary 8. If j = 1, then the first truncated moment will be as
X

EX|X<x)= ,u+ﬁ_ 1(a—x)n(x).
Corollary 9. The mean inactivity time can be written as
X
E((u= XWX 2 ) = =z (€= 0n(o).

Corollary 10. If j = 2, then the second truncated moment will be as

= _n(ole? - 22

B—2
Corollary 11. Using corollary (8) and (10), we can compute the truncated variance as

_ x(a —x)n(x) _ x%(a = x)*n(x)
B-2)p-1)* (B —1)?

EX3X <x)=u*+

V(X|X =< x) [(a+x)(B—1)* - 2ap(B - 2)]
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Appendix
Proof of Lemma 1
o o
iz mys!x*7/6/ (1 +5) _
deig (s = imgey

m(l)s!x5'29(1+§)s_

lsxs—l + M(1)s1%5-1 l (1)S'xs 29 1+2 )
(S — 1)' m(z) (S — 2)' m(z) (S — 3)[ m(3)
m(1)5!65‘1(1+ ) (1)5'95 1(1+ ) -1
0' m(S) 0' m(s+1)
m(l)S'xs 1 m(l)s!x5‘29(1+§)
_Mmy— i ——t+m(1)
(S - 1)' (S — 2)' m(3)
m(1)5!95_1(1+§)s_1
+. ' +m(1) O|
*M(s41)
X m
may  [M@ses—20 (1 + 5) (Dsxs=202(14%)"

8 (1 +§) (s — DImg,
m(1)s!95(1+§)s
0! M(s+1)

mey)s! x57767 (1 + %)j

S
__ "o Z

X s—j)mg;
o(1+3)4 =DMy

Proof of Lemma 2

meps! x$7767 (1 + %)j )

S
- =x>+
; (s — N'mgjsn) (s — Dimey

2
x x
m(l)s!xs—1t9 (1 + 5) m(1)s!x5-292 (1 + 5)
(S - 2)' m(3)

s X s
m(l)sle (1 + 9)
0! M(s+1)
L j
mys! x$7767 (1 + f)
=x°+ Z o
= (s _j)!m(j+1)

+ .o 4
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